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Abstract
We study the higher moments of the baryon number in the immediate neighbourhood of the
QCD critical endpoint within the framework of Ising-QCD thermodynamics (N. G. Antoniou et
al, arXiv:1705.09124 [hep-ph]). We show that the kurtosis, as a function of the freeze-out baryon
chemical potential, attains a sharp minimum very close to the critical point. We argue that the
sharpness of this minimum is due to the narrowness of the critical region in the chemical potential
direction. Our analysis reveals that the broad minimum of the kurtosis observed in Au+Au central
collisions at STAR (in RHIC-BES I) in the colliding energy region 17 GeV <
√
s < 39 GeV is
apparently only a precursor of the critical point and not a signature of its location.
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One of the basic experimental strategies in the search for the QCD critical endpoint
is the determination of higher cumulants of conserved quantities, like baryon number, for
a wide range of energies. This program is followed in the Beam-Energy Scan (BES-I) at
the STAR experiment (BNL-RHIC) using Au+Au collisions with colliding energies varying
in the range 7 GeV ≤ √s ≤ 200 GeV [2, 3]. A central quantity considered in these
studies is the baryon-number kurtosis times the corresponding variance squared, denoted
as ”κσ2”, which is argued to be independent of the fireball’s size [4, 5]. The reason for
considering this quantity is that there are theoretical considerations claiming that κσ2 attains
a non-monotonic behaviour, as a function of the energy, within the critical region [4]. This
non-monotonic behaviour of κσ2(
√
s) is broadly recognized as a strong signature for the
occurrence of critical fluctuations. Furthermore, recent experimental results of RHIC-BES
on κσ2 measurement show that the function κσ2(
√
s) displays a broad minimum in the
region 17 GeV <
√
s < 39 GeV which is interpreted to be consistent with the presence of
a critical point nearby [3].
The aim of the present letter is twofold: firstly we will demonstrate that considering the
existing κσ2 data from STAR experiment at RHIC-BES I as a function of the freeze-out
baryochemical potential µB, and not the colliding energy
√
s, we find indications for the
occurrence of (at least) two minima instead of one. This observation weakens the argu-
mentation connecting non-monotonic behaviour of κσ2(
√
s) with the emergence of critical
fluctuations, since the baryochemical potential is a monotonic function of
√
s [6]. Secondly,
employing the Ising-QCD partition function introduced in [1], we will show that the ap-
propriately defined non-Gaussian component of kurtosis displays a sharp minimum, with
respect to the scale of the energy scanning, as a function of µB, close to the critical value µc.
The sharpness of this minimum is fundamental in nature, induced by the universality class
(3d-Ising) of the associated transition. Thus, our treatment shows that the non-monotonic
behaviour alone is not a sufficient condition for observing critical fluctuations. According to
our findings the broad minimum observed in Au+Au collisions at RHIC can be described
by a standard φ4 effective action showing no traces of a phase transition. It is rather a
precursor of the critical point while the critical region itself is characterized by a sharp min-
imum described by the 3d Ising effective action valid in the immediate neighbourhood of
the critical point [1, 7].
We start our analysis recalling the Ising-QCD effective action introduced in [1] for the
2
description of the baryon number density nb(x) = φ(x)β
3
c fluctuations within the critical
region:
Seff =
∫
V
d3xˆ
[
1
2
|∇ˆφ|2 + U(φ)− hˆφ
]
U(φ) =
1
2
mˆ2φ2 + mˆg4φ
4 + g6φ
6 (1)
All quantities occurring in Eq. (1) including the field φ are dimensionless. In particular
g4 ≈ 1, g6 ≈ 2 are universal constants estimated in [7] while mˆ = βcξ−1, (ξ being the
correlation length) and hˆ = (µB − µc)βc is the ordering field. The action (1) can be used to
calculate the Ising-QCD partition function:
Z =
∑
{φ}
exp(−Seff ) (2)
summing over long wavelength modes of φ (constant configurations, see [1] for details) and
subsequently the moments of the baryon number 〈Nk〉 following the treatment in [1]. At
the critical point µB = µc, T = Tc it is found that the first moment 〈N〉 scales with the size
M = V
V0
(V0 being the approximate volume of a single baryon) as:
〈N〉 ∼M q ; q = 5
6
(3d− Ising) (3)
Furthermore, defining as critical region the domain in the (ln ζ = µB−µc
kBTc
, t = T−Tc
Tc
) plane for
which the scaling relation:
〈N〉 ∼M q˜ ; 3/4 < q˜ < 1 (4)
holds, it was found that the critical region is very narrow along the baryochemical potential
direction (∆µB ≈ 5 MeV for mˆ = 0). A result which is consistent with experimental findings
from intermittency analysis of proton transverse momenta at SPS (NA49 experiment). This
small value of ∆µB is related to the fact that the exponent in the scaling relation (3) is very
close to one. To demonstrate this, we adopt a more general form for the effective action (1)
at the critical temperature (mˆ = 0):
S˜eff =
∫
V
d3xˆ
[
1
2
|∇ˆφ|2 + gφδ+1 − hφ
]
(5)
with g an arbitrary constant and δ the isothermal critical exponent. With this choice we
recover the 3d-Ising case for δ = 5, g ≈ 2. Using the effective action (5) we calculate the
first moment 〈N〉 as a function of the size M for various values of δ, in the range 1 ≤ δ ≤ 5,
3
and ln ζ. Since we are interested in the scaling behaviour 〈N〉 ∼ M qδ the exact value of
g is irrelevant. Thus, we assume g ≈ 2 without loss of generality. In Fig. 1a we show
the result of this calculation. We plot the scaling exponent qδ as a function of ln ζ. The
various curves correspond to different choices of the exponent δ. In the plot each curve is
labelled by the value of qδ at µB = µc (ln ζ = 0) which we denote qδ,0. We observe that the
curve corresponding to qδ,0 =
5
6
(3d-Ising universality class) is very abrupt and decreasing
qδ,0 (decreasing δ) the associated curves become more and more smooth. Therefore for a
given interval of qδ-variation, the corresponding range of chemical potential values around
the critical one is very narrow for qδ,0 =
5
6
, and broadens with decreasing qδ,0. This is clearly
displayed in Fig. 1b where we present the chemical potential range ∆µB needed to cover the
region 3
4
< qδ < 1 as function of qδ,0.
Thus, according to Fig. (1) the narrowness of the critical region along the chemical
potential direction is of fundamental origin, being dictated by the universality class of the
transition via the isothermal critical exponent δ and not by the details of the description.
The next point in our analysis is the calculation of the non-Gaussian kurtosis in the
critical region employing the partition function (2). We use the definition:
κ =
C4
C22
− 3 ; C2 = 〈(δN)2〉, C4 = 〈(δN)4〉 (6)
with δN = N−〈N〉 (N=baryon number) and C2, C4 the second and fourth order cumulants
respectively. As usual in Eq. (6) the Gaussian contribution is subtracted. The calculation
is done for T = Tc (mˆ = 0) while ln ζ is varied in the region −0.05 < ln ζ < 0.05. As
shown in Fig. 1a the critical region, estimated using the finite-size scaling behaviour of 〈N〉,
is −0.01 < ln ζ < 0.02 (it is the region determined by the red dashed lines), leading to a
chemical potential range ∆µB ≈ 4.5 MeV displayed in Fig. 1b (see also [1]). The result of
the kurtosis calculation is plotted in Fig. 2 showing a clear minimum at µB ≈ µc. The red
arrows indicate the critical region.
In Fig. 3 we plot the published RHIC-BES I experimental results [3] for κσ2 of the
proton-number distribution using as abscissas, instead of the energy
√
s, the corresponding
freeze-out chemical potential values. We observe that the function κσ2(µB) indicates the
existence of two minima in the range of chemical potential values scanned by the freeze-out
states generated at STAR experiment in RHIC-BES I. It is clear that the same structure is
also contained in the plot κσ2(
√
s) since the relation between freeze-out chemical potential
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FIG. 1. (a) The exponent qδ as a function of ln ζ =
µB−µc
kBTc
for various values of δ. The curves are
labelled by qδ,0 being the value of qδ at ln ζ = 0. To illustrate the narrowness of the critical region
we use the horizontal black solid lines and the vertical red dashed lines which determine the region
where 34 ≤ qδ ≤ 1 for the 3d-Ising case (δ = 5). In (b) we plot the chemical potential interval ∆µB
for which 34 < qδ < 1 as a function of qδ,0 assuming Tc = 167 MeV. The dotted line is used to guide
the eye.
and colliding energy is monotonic. However, due to the change of the scale and the existing
errors this information is washed out in the plot of κσ2(
√
s). This observation has far
reaching consequences. First, it proves that the use of extrema of higher order cumulants
(or their ratios) as a unique signature for the critical point is insufficient and may lead
to erroneous conclusions, at least concerning the location of the critical point. Second, it
indicates that the correct energy scale for exploring the QCD phase diagram in the search
for the critical region is the baryochemical potential µB and not the energy
√
s. In fact one
5
FIG. 2. The Ising-QCD prediction for the non-Gaussian part of the kurtosis of the baryon number
as a function of ln ζ = µB−µckBTc . The red arrows show the borders of the critical region.
can make a step ahead trying to describe the behaviour of κσ2 shown in Fig. 3 utilizing a
non-critical effective action of the form:
Sˆ =
∫
V
d3xˆ
[
1
2
|∇ˆφ|2 + U [φ]− µ
kBT
φ
]
U [φ] = a2(µB, T )φ
2 + a3(µB, T )φ
3 + a4(µB, T )φ
4 (7)
where φ = nBβ
3
c and ai, i = 2, 3, 4 are dimensionless constants which are suitably tuned to
reproduce the experimental values for κσ2 in Fig. 3. As in the cases discussed previously
the partition function determining the thermodynamics of the baryon number density is
given by Zˆ = ∑{φ} exp(−Sˆ) and the summation is over constant φ-configurations. Indeed,
this simple model is able to reproduce the experimentally observed behaviour of κσ2 as a
function of the freeze-out µB and the result is shown by the green and red solid lines in
Fig. 3. To describe the data in the region of lower chemical potential values (crossover) the
term proportional to φ3 can be set to zero while for the higher chemical potential values
(first order transitions region) this term is large and negative.
In the plot we see that only in the region around
√
s = 14.5 GeV this simple description
fails. We claim that this is due to the fact that the critical point is close to the freeze-
out state of the Au+Au collisions at
√
s = 14.5 GeV (µB ≈ 260 MeV). Thus, although in
a distance from the critical point the quantity κσ2, being size independent, is an adequate
fluctuation measure for the freeze-out states [3, 8], when entering the finite-size scaling region
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FIG. 3. Net-proton κσ2 as a function of the baryochemical potential µB. The stars are the
measurements at RHIC-BES I [3]. The green and red lines are the numerical results using the
action (7). The blue line is the prediction for κ obtained through the Ising-QCD partition function
[1].
the correlation length of the finite system and its size become entangled. In fact, near the
critical point, where long-range correlations prevail, the kurtosis itself, as given in Eq. (6),
is size independent, since C2 ∼ V 2q, C4 ∼ V 4q [1]. Therefore, in this region, κσ2 depends
strongly on system’s size and it is inadequate for measuring fluctuations. One has to replace
κσ2 by the kurtosis κ which is size-independent within the finite-size scaling region.
This line of arguments is further supported by details of the calculation of κ, employing
the Ising-QCD partition function and shown in Fig. 2. Using the value µc = 256 MeV for the
critical chemical potential value (as estimated in [1] through finite-size scaling analysis) and
Tc = 167 MeV, which is compatible with the most recent Lattice QCD results considering
Polyakov loop or strange quark susceptibilities [9, 10], we calculate κ for energies around
√
s = 14.5 GeV and map the plot shown in Fig. 2 to that shown in Fig. 3 by the blue solid line.
We observe that in the critical region κ attains a sharp minimum which is fully compatible
with the narrowness of the critical region along the chemical potential direction. Thus, the
broad minimum of the data for lower chemical potential values can only be considered as a
precursor of the critical point and it has no direct relation to it.
A final comment is here in order. In Fig. 4 we plot the Landau free energy F [φ] =
U(φ) − µ
kBT
φ in Eq. (7) for two cases: the red line is representative for the form of the
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FIG. 4. The Landau free energy F [φ] = U(φ)− µkBT φ in (7) for µB < µc (red line, crossover regime)
and µB > µc (green line, first order transitions region).
effective potential in the red region (crossover regime) while the green line is representative
for the corresponding form in the green region (first order transitions). It is remarkable that
this model is consistent with the basic thermodynamic characteristics in the two regions. In
the crossover regime there is a single minimum with no additional metastable state while in
the first-order regime two non-degenerate shallow minima occur, consistent with the presence
of a metastable state.
It is interesting to determine the (normalized) baryon number distribution in each case
as well. The result of this calculation is presented in Fig. 5. As a typical example, for the
case µ < µc, we use freeze-out parameters (µ, T ) corresponding to the state generated by
Au+Au central collisions at colliding energy
√
s = 19.6 GeV. We observe that the shape
of the obtained baryon number multiplicity distribution (blue cricles) is fully compatible
with the experimental findings in STAR [3]. The crosses are the result for the baryon
number multiplicity distribution in the case µ > µc using thermodynamic parameters (µ, T )
which correspond to those of the freeze-out state formed by central Au+Au collisions at
√
s = 11.5 GeV . The mean net-proton number is 〈N〉 ≈ 30 in accordance with the published
STAR results [3]. The somewhat distorted baryon-number distribution for µ > µc reflects
the presence of the two non-degenerate shallow minima of F [φ] in Fig. (4). In fact, it is a
sign for the appearance of a metastable state in the region of first-order phase transitions.
Since the formation of such metastable states is a rather model-independent property of
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FIG. 5. The normalized baryon number probability distribution for µB < µc (blue circles) and
µB > µc (crosses) calculated employing the action (7).
the thermodynamic potential in this region [11, 12], one may conjecture that the effect of a
distorted multiplicity distribution of net-protons can be detected in studies of baryon-rich
matter, with the new, forthcoming facilities FAIR and NICA.
In conclusion, we have demonstrated that the recently published experimental results for
κσ2 of net-protons in central Au+Au collisions (RHIC-BES I) when presented as a function
of the corresponding freeze-out chemical potential show a behaviour which is compatible with
the presence of two minima lying on each side of the value µB ≈ 250 MeV corresponding to
√
s = 14.5 GeV. The minimum at high energies cannot be directly related to QCD critical
point. In fact, we have illustrated how a simple φ4-thermodynamic potential with smooth
coefficients ai(µ, T ) (i = 2, 3, 4) of maximal variation
∆ai
〈ai〉 ≤ 1.3 and without a trace of critical
behaviour, may reproduce the broad minimum of κσ2 in the crossover region (µB  µc) and
its large increase at low energies (µB  µc) in a region of first-order transitions (Fig. (3)).
Furthermore, using as energy scale the chemical potential values instead of the energy
√
s
allows to resolve the critical region and predict, based on Ising-QCD partition function, a
sharp minimum of κ close to
√
s = 14.5 GeV. This minimum is identified with the location of
the critical point which however cannot be captured by the colliding energy scanning program
in its present realization. The sharpness of this minimum is a further manifestation of the
narrowness of the critical region in the baryochemical potential direction, as argued also in
[1]. We also have provided numerical evidence that the narrowness of the critical region
9
along the chemical potential axis is of fundamental origin related to the universality class
(3d-Ising) of the transition and not on the details of the description of critical fluctuations.
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